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Abstract. We show among others that the formula: 

n (n>2), 



, + log,, i VE flog <E ,(v / 5n) + n )-5+-J.-2 
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r | ' (where $ denotes the golden ratio and [J denotes the integer part) generates the non-Fibonacci 

\ iminl T] s. 

1. Introduction and main result 

Two sequences of natural numbers are said to be complementary if they are disjoint and their 
' union is the entire set N of nonnegative integers. Given a sequence of nonnegative integers, it 

is an important problem to find an explicit formula for the sequence complementing them in 
N. For example, it is well known that the sequence complementing the perfect square positive 
integers is generated by the formula [n + y/n + (n G N) and the sequence complementing 

the triangular numbers (i.e., the integers having the form ; n G N) is generated by the 
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formula [n + \/2n + (n > 1). On this topic we can consult the article [5] of Lambekand 
and Moser. For a brief introduction, we can consult the book [3] of Honsberger or the chapter 
1 of the book [3] of the same author. 

In this paper, we establish a general theorem which gives the formula generating the com- 
plement (in N) of a given sequence of integers. Then we apply it to obtain the complementary 
sequences of some types of sequences including the Fibonacci sequence. So we obtain an 
explicit formula for the n th non-fibonacci number. Actually, Gould [2j already obtained an 
approximate formula for the n th non-Fibonacci number (noted g n ). His formula is: 

g n = n + F(n + F(n + F(n))), 

where F(n) = [log§ n + | log$ 5 — lj . But the inconvenient of Gould's formula is that it is 
quite complicated and the purpose of this paper is to obtain an easy formula depending only 
on n. In addition, our approach is somewhat different from that of Gould. Our main result is 
the following: 

Theorem 1.1. Let (ii n ) ng N be an increasing sequence of integers and ip : [0,+oo[— > R be a 
continued function which increases and tends to +oo when x tends to +oo. Suppose that ip 
satisfies for all n G N: 

u n — n < <p(n) <u ri — n + l (I) 
Then the formula (|_n + ( / 7 ~ 1 ( r i)J) n > U0 +i generates the complement of{u n ,n G N} in [«o,+oo[nZ 

Proof. 

First remark that the hypothesis ([7]) of the theorem gives <p(0) < Uq + 1. Consequently, since (p 
is continuous, increasing and tends to +oo when x tends to +oo, the set of arrival of ip contains 
the interval \uq + 1, +oo[. It follows that ip' 1 is defined at least in the interval [uq + 1, +oo[. 

l 
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Also, because (u n ) ngN is an increasing sequence of integers, we have for all n £ N: u n > uo + n. 
In particular <^ _1 can be applied to all real number greater than or equal to u n — n + 1 (n € N). 

• Now, let N G [uo, +00 [nZ which is not a term of (u n ) and let us show that iV is a term of 
the sequence ([k + tp~ l (k)\ )i t > UQ +v Since N > uq then N lies between two consecutive terms 
of (u n ) n . Let n E N such that: 

u n < N < u n+ i. 

since A is an integer, we have also: 

U n + 1 < N < U n+1 - 1. 

Hence 

u n — n + 1 < N — n < u n+ \ — (n + 1). 
By applying (which is increasing because 99 is increasing), it follows that: 

<p~ X {un - n + 1) < ip-^N -n)< y~ l {u n+ i - (n + 1)). 

But according to the hypothesis (j7J), we have ip~ l (u n+ \ — (n + 1)) < n + 1 and y> (« n — n+1) > 
n. So 

n < </? _1 (A - n) < n + 1, 

which implies that: 

L<^ _1 (A-n)J =n. 

Finally, we conclude that: 

AT = (A - n) + n = (A - n) + |y - n )\ = l( N - n) + tp~ x (N - n)J , 

which implies that A is generated by the formula \_k + <p (k)\ (k>UQ + l). 

• Conversely, let A be a term of the sequence ([k + <P (k)\) k>u +1 and let us show that N 
is not a term of (uk) keN - 

Let n > uq + 1 be fixed such that N = [n + ip~ l (n)\ . So we have: 

A < n + <p~ l {n) < A + 1. 

By subtracting n and then applying <p (which is increasing), we get: 

ip(N -n) < n < tp(N -n+1). 

But according to the hypothesis (|7]), we have: (p(N — n + 1) < ujy-n+i — (A — n + 1) + 1 = 
UN-n+l — N + n and <p{N — n) > u^-n — (A — n) = UN-n — N + n. Using this, we get: 

un-u - N + n < n < u N ^ n+ i - A + n, 

which is equivalent to: 

UN-n < N < ltjv-n+l- 

So N lies between two consecutive terms of (uk) k - Hence N cannot be a term of (uk) k - 
This completes the proof of the theorem. ■ 



an explicit formula generating the non-fibonacci numbers 

2. Applications 

2.1. The Complement of the sequence (n r ) ngN , r G N, r > 2. We have the following: 

Corollary 2.1. Xei r > 2 be an integer. The formula | // 
positive integers which are not r th powers. 
Proof. 



generates the 

n>l 



We apply Theorem 11.11 for u n = n r (n G N) and VK X ) := = yX + ^/x (x G [0, +oo[) 

which is a continuous and increasing function and tends to +oo when x tends to +oo. To 
verify the hypothesis (jTJ) of Theorem II. 1\ it is equivalent to verify that 

ifj(n r — n) < n and ip(n r — n + 1) > n (Vn G N). 

In odrer to show that ip(n r — n) < n, it suffices to bound from above \/n r — n by n and in 
order to show that ip{n r — n + 1) > n it suffices to bound from bellow \fn r — n + 1 by (n — 1). 
The corollary follows. ■ 

Remark. For the sequences of perfect squares and perfect cubes, we have other formulas 
more sample than the previous one complementing them. Indeed, using Theorem 1 we can 
show that the formula ( \n + ^/n + ) > generates the positive integers which are not perfect 



squares and the formula 
not perfect cubes. 



n + ^fn + jns/=pj ) generates the positive integers which are 



n>l 



2.2. The complement of the sequence (a n )„ eN , a G N, a > 2. We have the following: 

Corollary 2.2. Let a > 2 be an integer. The formula \n + log a (n + log a (n))J (n > 1) 
generates the positive integers which are not powers of a. 

Proof. 

We apply Theorem 11.11 for u n = a n (n G N) and ip(x) := <^ _1 (x) = log a {x + log a (x)) (x G 
[1, +oo[) which is a continuous and increasing function and tends to +oo when x tends to +oo. 
To verify the hypothesis ([7]) of Theorem 1 we have to verify that: 

ip{a n - a) <n and ip(a n - n + 1) > n (Vn G N). 

Those inequalities easily follow from the trivial upper bound log a (o n — n) < n and the trivial 
lower bound log a (a n — n + 1) > n — 1. The corollary follows. ■ 

2.3. The complement of the Fibonacci sequence. The Fibonacci sequence, noted (F n ) n£N , 
is defined by: 

' F = , Fi = 1 
F n+ 2 = F n + F n+1 (Vn G N) " 

The Fibonacci numbers are simply the terms of {F n ) n . The complement of {F n ) n is given by 
the following: 



Corollary 2.3. The formula 



n 



+ log 4 |\/5 (log^Vhn) + n)-5 + ^|-2 



(n > 2) 



generates the numbers which are not Fibonacci numbers. 
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Proof. 

We apply Theorem 11.11 for u n = F n+2 (n £ N) and 

tp{x) := ip~ x {x) = log$ |>/5 {\og^{y/lx) + xj -5 + ^1-2, 

which is a continuous and increasing function on [2, +oo[ and tends to +oo when x tends to 
+oo. 

To verify the hypothesis (jTJ) of Theorem ll.il we have to verify that: 

i)(F n+2 -n) <n and ip(F n+2 - n + 1) > n (Vn G N). 

To do so, we verify those inequalities for the small values of n (n < 10) and we use Binet's 
formula (see for example [3], chapter 8): 

F n = -i= ($ n - *") 
V5 

(where $ = 1 ~ 2 V ^ = — 4) to verify them for the large values of n (n > 10). Let us prove the 
above inequalities for the large values of n. Using Binet's formula, the calculations give: 

V5(log^V5(F n+2 -n))+F n+2 -n) -5 + — = <S> n+2 - ¥" +2 

+ 2V5-5 + — + V5 log $ 1 1 " (-$ 2 ) n+2 - v / 5n(-¥)"+ 2 ) . 

Because 2y5 — 5 < and the quantity 

-¥ n+2 + — + v^logs {1 - (-¥ 2 )"+ 2 - VEn(-W +2 } 

tends to as n tends to infinity, we have: 



VE (log $ (V5(F n+2 - n)) + F n+2 - n - 5 + < $ n+2 

for n sufficiently large (in practice n > 10 suffices). This gives tp(F n+2 — n) < n, as required. 
Similarly, using Binet's Formula, the calculations give: 

VE flog $ (VE(F n+2 -n + l)) + F n+2 -n + l) - 5 + — = 

V / F n+2 -n+l 

<$,n+2 _ ¥ "+2 + 3^5 _ 5 + 3 + r _ -2 +2 _ ^ _ 1)( _ ¥) n + 2| 

F n+2 -n+l I J 

Because 3v5 — 5 > and the quantity 

-¥ n+2 + + v^logs {l - (-¥ 2 )"+ 2 - V5(n - l)(-¥)"+ 2 ) 

F n+2 - n+l I J 

tends to as n tends to infinity then for n sufficiently large (n > 10 suffices) we have: 

VE (log^VE(F n+2 - n + 1)) + F n+2 - n + l) - 5 + — > $ n+2 . 

\ / F n+2 -n + l 

This gives il){F n+2 — n + 1) > n (for n > 10). The proof is complete. ■ 
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Remark on the sequences with several indices 

We don't know how to generalize Theorem 11.11 for the sequences of several indices although 
there exist some theorems of complement of sequences with several indices. The more fa- 
mous is perhaps Legendre's theorem (see e.g. jlj) which states that the sequence with 



can obtain a formula generating prime numbers, because it is obvious that the sample formula 
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((n + 2)(m + 2)) n mgN generates the composite numbers. 
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